A boundary-layer analysis is presented for the magnetohydrodynamic (MHD) forced convection flow of a nanofluid adjacent to a non-isothermal wedge. The model used for the nanofluid incorporates the effects of Brownian motion and thermophoresis. The governing partial differential equations are transformed into a set of non-similar equations and solved numerically by an efficient implicit, iterative, finite-difference method. Comparisons with previously published work are performed and excellent agreement is obtained. A parametric study of the physical parameters is conducted and a representative set of numerical results for the velocity, temperature, and nanoparticles volume fraction profiles as well as the local skin-friction coefficient and local Nusselt and Sherwood numbers are illustrated graphically to show interesting features of the solutions.
INTRODUCTION
The study of convective heat transfer in nanofluids is gaining a lot of attention. This is due to the fact that nanofluids have many applications in various industries because materials of nanometer size have unique physical and chemical properties. Nanofluids are solid-liquid composite materials consisting of solid nanoparticles or nanofibers with sizes typically of 1-100 nm suspended in a liquid. Nanofluids have attracted great interest recently because of reports of greatly enhanced thermal properties. For example, a small amount (<1% volume fraction) of Cu nanoparticles or carbon nanotubes dispersed in ethylene glycol or oil is reported to increase the inherently poor thermal conductivity of the liquid by 40% and 150%, respectively (Eastman et al., 2001; Choi et al., 2001 ). Conventional particle-liquid suspensions require high concentration (>10%) of particles to achieve such enhancement. However, problems of rheology and stability are amplified at high concentration, precluding the widespread use of conventional slurries as heat transfer fluids. In some cases, the observed enhancement in thermal conductivity of nanofluids is orders of magnitude larger than that predicted by well-established theories. Other perplexing results in this rapidly evolving field include a surprisingly strong temperature dependence of the thermal conductivity (Patel et al., 2003) and a threefold-higher critical heat flux compared with the base fluids (You et al., 2003; Vassallo et al., 2004) . These enhanced thermal properties are not merely of academic interest. If confirmed and found consistent, they would make nanofluids promising for application in thermal management. Furthermore, suspensions of metal nanoparticles are also being developed for other purposes, such as medical applications including cancer therapy. The interdisciplinary nature of nanofluid research presents a great opportunity for exploration and discovery at the frontiers of nanotechnology.
A similarity analysis for the problem of steady boundary-layer flow of a nanofluid on an isothermal stretching circular cylindrical surface was presented by Gorla et al. (2011a) . In another paper Gorla et al. (2011b) studied mixed convective boundary-layer flow over a ver-tical wedge embedded in a porous medium saturated with a nanofluid. The steady boundary-layer flow of a nanofluid past a moving semi-infinite flat plate in a uniform free stream was investigated by Bachok et al. (2010a) . Khan and Pop (2010) analyzed the development of steady boundary-layer flow, heat transfer, and nanoparticle fraction over a stretching surface in a nanofluid. Kuznetsov and Nield (2010) investigated natural convective boundary-layer flow of a nanofluid past a vertical plate. The same authors studied analytically the double-diffusive natural convective boundary-layer flow of a nanofluid past a vertical plate. The model used for the binary nanofluid incorporates the effects of Brownian motion and thermophoresis. Nield and Kuznetsov (2011) derived the ChengMinkowycz problem for the double diffusive natural convective boundary-layer flow in a porous medium saturated by a nanofluid. Hamad et al. (2011) presented a local similarity solution of natural convective boundary-layer flow over a vertical semi-infinite cylinder embedded in a porous medium saturated with a nanofluid. Hamad et al. (2011) discussed similarity reductions for problems of magnetic field effects on free convection flow of a nanofluid past a semi-infinite vertical flat plate. Hamad (2011) studied an analytical solution of natural convection flow of a nanofluid over a linearly stretching sheet in the presence of magnetic field. Makinde and Aziz (2011) analyzed boundary-layer flow induced in a nanofluid due to a linearly stretching sheet. The transport equations included the effects of Brownian motion and thermophoresis. Yacob et al. (2011) presented an analysis for the problem of steady flow and heat transfer over a static or moving wedge with a prescribed surface heat flux in a nanofluid. Bachok et al. (2010) investigated flow and heat transfer at a general three-dimensional stagnation point in a nanofluid.
In the present work, the problem of MHD forced convection boundary-layer flow of a nanofluid over a nonisothermal wedge is considered. The effects of Brownian motion and thermophoresis are included for the nanofluid. Numerical solutions of the governing equations are obtained and discussion is provided for several values of the nanofluid parameters governing the problem. The dependency of velocity, temperature, and nanoparticles volume fraction profiles as well as the local Nusselt number and local Sherwood number on these parameters has been discussed.
PROBLEM FORMULATION
Consider the problem of steady, two-dimensional, laminar, magnetohydrodynamic, forced convective boundarylayer flow of a nanofluid over a non-isothermal wedge. The model used for the nanofluid incorporates the effects of Brownian motion and thermophoresis. Figure 1 shows the flow model and physical coordinate system. All the
FIG. 1: The flow configuration and the coordinate
Computational Thermal Sciences fluid properties are assumed to be constant. Introducing the boundary-layer approximation, the governing equations for the continuity, momentum, energy, and nanoparticles volume fraction can be written as follows [see Yih (1999) and Chamkha et al. (2003) ]:
∂T ∂y
where x and y represent tangential distance and transverse or normal distance, respectively. u, v, T , and C are the fluid tangential velocity, normal velocity, temperature, and nanoparticles volume fraction, respectively. υ, ρ, σ, and B 0 are the fluid kinematic viscosity, density, electrical conductivity, and magnetic induction, respectively. U ∞ = ax m is the velocity of the potential flow outside the boundary layer, m = β/(2 − β), and β is the Hartree pressure gradient parameter which corresponds to β = Ω/π for a total angle of the wedge. α = k/(ρc) f and χ = (ρc) p /(ρc) f are the thermal diffusivity and the ratio of heat capacities, respectively. k, χ, (ρc) f and (ρc) p are the thermal conductivity, ratio of heat capacities, heat capacity of the fluid, and the effective heat capacity of nanoparticles material, respectively. D B and D T are the Brownian diffusion coefficient and the thermophoretic diffusion coefficient, respectively.
The corresponding initial and boundary conditions for this problem can be written as
where A and m are constants and T ∞ and C ∞ are the free stream temperature and nanoparticles volume fraction, respectively.
The stream function ψ is defined by u = ∂ψ/∂y, v = −∂ψ/∂x; therefore, the continuity equation is automatically satisfied. Invoking the following dimensionless variables,
and substituting Eq. (6) into Eqs. (2)- (5), one obtains
where a prime indicates differentiation with respect to η and the parameters
and Pr = υ/α are the Brownian motion parameter, thermophoresis parameter, Lewis number, and the Prandtl number, respectively. It should be mentioned that in the absence of the Brownian motion and thermophoresis effects (N b = N t = 0), the equations reported by Yih (1999) and Chamkha et al. (2003) are recovered. The transformed initial and boundary conditions become
Of special significance for this type of flow and heat transfer situation are the local skin-friction coefficient, local Nusselt number, and the local Sherwood number. These physical parameters can be defined in dimensionless form as
NUMERICAL METHOD
The initial-value problem represented by Eqs. (7)- (10) is nonlinear and possesses no analytical solution. Therefore, a numerical solution is sought for this problem. The standard implicit, iterative, finite-difference method discussed by Blottner (1970) has proven to be adequate and accurate for this type of problem and therefore, it is chosen for the solution of Eqs. (7)- (9) subject to Eq. (10). The computational domain is divided into 196×196 nodes in the ξ and η directions, respectively. Since the changes in the dependent variables are large in the immediate vicinity of the plate while these changes decrease greatly as the distance away from the wedge increases, variable step sizes in the η direction were used. On the other hand, constant step sizes in the ξ direction such that ∆ξ = 0.01 were employed. The used initial step size in the η direction was ∆η 1 = 0.001 and the growth factor was K η = 1.0375 such that ∆η n = K η ∆η n−1 . The convergence criterion used was based on the relative difference between the current and the previous iterations, which was set to 10 −5 in the present work. For more details on the numerical procedure, the reader is advised to read the paper by Blottner (1970) . Tables 1 and 2 
RESULTS AND DISCUSSION
In this section, a representative set of numerical results for the velocity, temperature, and nanoparticles volume fraction profiles as well as the local skin-friction coefficient, local Nusselt number, and the local Sherwood number is presented graphically in Figs. 2-19 . These results illustrate the effects of the pressure gradient parameter m, Brownian motion parameter N b, thermophoresis parameter N t, Prandtl number Pr, Lewis number Le, and the magnetic parameter ξ on the solutions.
Figures 2-5 present typical profiles for the velocity along the wedge f ′ , temperature θ, nanoparticles volume fraction ϕ, as well as the local skin-friction coefficient f ′′ (ξ, 0), local Nusselt number −θ ′ (ξ, 0) (rate of heat transfer), and the local Sherwood number −ϕ ′ (ξ, 0) (rate of volume fraction transfer) for various values of the pressure gradient parameter m, respectively. It is noted that increasing m from 0 to 1 accelerates the flow, in particular, near the wedge surface which is filled with the nanofluid. This behavior in the flow velocity is accompanied by strong decreases in the fluid temperature and nanoparticles volume fraction as well as their boundarylayer thicknesses as the exponent m increases. These behaviors are clearly shown in Figs. 2(a)-2(c) . Moreover, as m increases, the value of the wall velocity gradient increases, whereas the values of the wall slopes of the temperature and nanoparticles volume fraction reduce. This produces enhancements in all of the local skin-friction coefficient, local Nusselt number, and the local Sherwood number for all values of the magnetic parameter ξ. On other hand, it is predicted that all of the local skin-friction This may be attributed to the fact that for small particles, Brownian motion is strong and the parameter N b will have high values; the converse is the case for large particles, and clearly Brownian motion does exert a significant enhancing effect on both the temperature and the volume fraction profiles. Moreover, in nanofluid systems, owing to the size of the nanoparticles, Brownian motion takes place and this can enhance the heat transfer properties. This is due to the fact that the Brownian diffusion promotes heat conduction. The nanoparticles increase the wedge surface area for heat transfer. A nanofluid is a two-phase system where the nanoparticles for various values of the magnetic parameter ξ, respectively. It can be observed from Figs. 9(a) and 9(b) that an increase in the values of the thermophoresis parameter N t has a tendency to increase both the temperature and the nanoparticles volume fraction profiles. This may be attributed to the fact that a positive N t indicates a cold surface while a negative N t corresponds to a hot surface. For hot surfaces, thermophoresis tends to blow the nanoparticle volume fraction boundary layer away from the surface since a hot surface repels the submicron sized particles from it, thereby forming a relatively particle-free layer near the surface. Con- sequently the thermophoresis serves to warm the boundary layer, and it simultaneously exacerbates particle deposition away from the fluid regime onto the wedge surface, thereby accounting for the increased volume fraction magnitudes in Fig. 9(b) . Furthermore, it can be seen that the thermophoresis parameter N t appears in the thermal and nanoparticles concentration boundary-layer equations. Therefore, N t is coupled with the temperature function and plays a strong role in determining the diffusion of heat and nanoparticles concentration in the boundary layer. Thus, an increase in the values of the thermophoresis parameter N t leads to a decrease in the local Nusselt number −θ ′ (ξ, 0) and an increase in the local Sherwood number −ϕ ′ (ξ, 0) for all values of the magnetic parameter ξ.
Figures 12-14 depict the effects of increasing the Prandtl number Pr on the temperature profiles θ and the nanoparticles volume fraction profiles ϕ as well as the local Nusselt number −θ ′ (ξ, 0) and the local Sherwood number −ϕ ′ (ξ, 0) for various values of the magnetic parameter ξ, respectively. As expected, the fluid temperature profile as well as its boundary layer decrease while the nanoparticles volume fraction profile and its boundary layer increase as Pr increases. This leads to a pro- (9) are uncoupled. Therefore, changes in all values of the governing parameters except the pressure gradient parameter m will cause no changes in both of the velocity profiles and the local skin-friction coefficient, and for this reason, no figures for these variables are presented herein.
CONCLUSION
This work considered a theoretical investigation for the problem of magnetohydrodynamic (MHD) forced convection boundary-layer flow of a nanofluid adjacent to a non-isothermal wedge. The model used for the nanofluid incorporated the effects of Brownian motion and thermophoresis. The governing equations were formulated and transformed into a set of non-similar equations. These equations were solved numerically by an implicit, iterative, tridiagonal, finite-difference method. The obtained results were checked against previously published work and were found to be in excellent agreement. Numerical results for the velocity, temperature, and nanoparticles volume fraction profiles as well as the local skin-friction coefficient, local Nusselt number, and the local Sherwood number were reported graphically. It was found that all of the local skin-friction coefficient, local Nusselt number, and the local Sherwood number reduced as either the magnetic parameter or the pressure gradient parameter was increased. It was also found that owing to the presence of the Brownian motion and the thermophoresis effects, the local Nusselt number decreased while the local Sherwood number increased. On the other hand, increasing either the Prandtl number or the Lewis number produced decreases in the local Nusselt number and increases in the local Sherwood number.
